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ABSTRACT:

This research presents a foundational right nano topology using an initial right
neighborhood structure. This framework is created based on the directed graph of a human lung
model system.

Keywords: Directed graph, initial right neighborhoods, initial right lower approximation, initial
right upper approximation and initial right boundary region.

1. INTRODUCTION

Nano topology has emerged as an significant area of research for study discrete and
approximate structure, mainly when combined with graph theory concepts. In latest model,
several researchers have explored the development of nano-topology using neighborhood
systems from directed graphs. For example, Nawar and EI-Atik [1] introduced a directed
graph based nano topological model of the human heart, representing its effectiveness in
medical analysis. Similarly, Lellis Thivagar et al. [2] investigated the structural aspects of
nano topology through the graph theory approaches. Graph theory has also been efficiently
applied in modeling biological systems. Abeyrathne and Lanel [3] developed a directed
graph model for the human blood circulatory system, enabling the analysis of relationships
between anatomical components. In addition, Parimala et al., [4] explored structural
isomorphism using nano-topological techniques, emphasizing the role of vertex
neighborhoods in deriving approximations and induced topologies. The relationship
between directed graphs and biological processes was further examined by Hakeem et al.
[5], who studied pathless directed topology in connection with blood circulation in the
human heart. Further advancements consist of the work of Abu-Gdairi et al. [6], who
applied topological visualization techniques to graph theory model representations of the
human heart. In previous method, Rekha and Dhanapal [7] developed nano topology using
graph models of the human double circulation system, while Ibrahim and Khalaf [8]
introduced nano topology induced by directed graphs and analyzed their closure and
interior properties. This approach by Dhanapal M and Rekha K provides a novel
framework for analyzing complex biological systems and extends the application of
nano-topology in graph-based modeling, particularly in the context of human lung analysis

[9].
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Motivated by these contributions, the present study focuses on constructing
initial right nano-topological structures using initial right neighborhood systems derived
from directed graphs. In particular, a directed graph model of the human lung is
considered, and initial right neighborhoods are defined based on initial right lower and
initial right upper approximations as well as initial right boundary regions. Using these

structures, an initial right nano-topology is developed over selected subgraphs.

2. Preliminaries
Definition:2.1

The equivalence relation defined on the set (U ) is represented by (R) and U be the
universe and txz(E) = {U, ¢, Lg (E),Ug (E),.Bgr (E)} where E € U. tx(E) fulfils the
axioms:

(i) Uand ¢ € 1x(E).
(i)  Tr(E)includes the union of all components belonging to any chosen subcollection.
(i)  Tr(E)includes the intersection of all components within any finite subcollection.
On the set U, tr(E) generates a nano-topology corresponding to E. The nano-topological space is
represented as {U,tr(E)}, where the term nano-topology refers to the structural properties defined
by tr(E).
Definition: 2.2
If a graph doesn't contain loops or connections that relate the same pair of vertices twice, it
is considered as simple graph.A null graph is a graph with no edges.
Definition: 2.3
A graph G(p,o) consists of a nonempty set of vertices p=p(G) and a set of edges 6=0(G),
which is a subset of unordered pairs of elements from p. If Gis finite (or infinite), then p(G)
likewise finite (or infinite). The degree of a vertex u in p(G) is defined as the number of edges
incident to it, a vertex with degree zero is termed an isolated vertex. An edge connecting a
vertex to itself is known as a loop, while an edge connecting two distinct vertices is referred to as
a link.
Description: 2.4
If u, 0€0 and G(p,0) is a directed graph, then:
*In case up € a(G),let u be the left vertex .
x If pu€a(G),then u be a right vertex .
*The count of vertices ufor which up€ao(G) is termed the left degree of the vertex p.
* The number of vertices u satisfying pu€o(G) is called the right degree of the vertex p.
Definition: 2.5
If G(p, &) represents adigraph and 5 € 8(G), then the new vertices corresponding to the
initial neighborhoods are determined as follows:
(1) Initialleft neighbourhoods:N/(p) = {@i € 8(G)/N, (p) < N, (@)}
(2) Initialright neighbourhoods: Ni(p) = {& € 8(G)/N, (p) € N, (@)}
(3) Union of initial neighbourhoods: Ni(p) = N} () U Ni(p)
(4) Intersection of initial neighbourhoods: N} (p) = N}(p) n N:(p).
Definition: 2.6
SupposeLSGis a subgraph, Ni(p)corresponds to the initial right neighborhoods ofp €
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6(G)then,
(i) Initialright lower-approximationisL: [8(L)] = U,e(e){A/N: () < 0(L)}
(i) Initialright upper-approximationisZNl [6(L)] = Usegatd/Ni() n 6(L) # ¢}
(iii) Initialright boundary region is BNﬁ[e( )] = Z [0(D)] — N#[H(L)]

That is £ [0(L)] = {8(6). ¢, Lye[0(D)]. Ly [0(L)], By [A(L)]} describes  the  initial
rightnanotopology ofagraph@(é, 6)captioned Graphstemptinginitialrightnanotopology"where
each corresponds to a vertexN; (p).

We call (é(@), fN%-[é(i)]) as nano-topological space stimulated by initial right

ﬁh-

neighbourhood.
Example: 2.7
Contemplatea directed graph Gwith 8(G) = {p,, D2, D3, Pa, Ps} and 8(L) € 6(6)
N A
P b > 0
: )
A \'%
A | &
l
Z
A o 2
i £,

Figure 2.1: Directed graphG
Next,we obtain,
Table: 2.1 Initial right neighbourhoods.

Right Neighbourhood Initial right neighbourhood
N.(P1) ={P1, P2} _Nri(ﬁﬂ = {p,}
N.(P2) ={P2, P3} Ny (P2) = {P2, P3}
N.(P3) = {P2,P3,P4} Nr(ps) = {ps}
N,(P4) = {P1, Ps, Ps} Ny (p4) = {Pa}
N.(Ps) ={P1, Ps} Ny (Ps) = {Ps}
Table: 2.2 Initial right Nano topologies for probable sub-graphs of G through the use of initial
right neighbourhoods.
6(L) Ly:[6(L)] Lyi[6(L)] |By[0()] Tyi[0(L)]
(P1) (p:) (1) v {06, 0. ()}
(p2) ¢ (p2) (p2) {06), ¢, (p2}}
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(Ps) (p2) (p3) {66, o 1523}
(Pa) (04} (04} {66, ¢ 1pa}}
Ps) (ps) (p5) {66), ¢, (55}
{1 P2} by, 52} {1 p2) {66, ¢, (b1, P23}
B | Busd | s { fo( G) b1 7))}
(P1 Pa) (P, Pa) (pr, Pa) {06, ¢ (b1, pu}}
{P1 Ps) (b1, ps) (b1, ps) {66, ¢, (b1, bs}}
{P2, P3} ) o) {o¢ é @, {P2 Ps}}
(P2 Pa) (02, Ba} (02, Ba} {A 6), @, (P2 Ps}}
(P2, Ps) (b2, ps} (b2 ps} {606, ¢, (72 ps)}
(P, Pa} (ps, Pa) (B3 Pa) [06), 9. 173 pa})
(P Ps) (03, fs) (03, ps) {06, ¢, (55 ps)}
{Pa Ps) (P4, ps} (P4, ps} {06), 9. (s p5}}
Pr P2 Ps} | (Pu Po B3} | (Pu P ) {06), o, 1, P2 53]
{P1, D2, Pa} {1, P2, Pa} {1, P2, Pa} {Q(G) @, {P1, Pz’P4}}
(Pr P2 Ps} | {Pu P2 Bs} | {Pu Do Ps) [0, ¢, b1, 525}

P, P3, P4}

{.51: P3, ,04}

{.51: P3, ,04}

G)' (P; {ﬁli ﬁ3' ﬁ4-}

{ﬁlr ﬁBr pS}

{:51' :53! p5}

{ﬁlﬂ ﬁ3t p5}

~

G) P, {ﬁlf ﬁ3'

»
421
—

{ﬁlf ﬁ4; pS}

{:611 ,64-1 pS}

{:611 ,641 pS}

{P2, P3, P4}

{.52’ P3, ,04}

{.52; P3» ,04}

-P)
—

G)' (p' {ﬁZ' ﬁS'

{/ﬁZr ﬁBr pS}

{ﬁz: ﬁ3' pS}

{ﬁZJ ﬁ3' pS}

)
vl
[

=)
ul
[
] ] ] ) )

é G)' Q, {ﬁZ' ﬁS'

{oc
{oc
{A(G) @, {1, Pa
{oc
{

{ﬁZf ﬁ4; ﬁS}

{.62f ,64-' pS}

{ﬁZf ,64-' pS}

6(6), ¢, (P2 P Ps}}

{ﬁ3' ﬁ4; ﬁS}

{.53’ P ,05}

{:63' ,64-' pS}

[0, 9. (55 pu b5}
6(

(P1.P2 P, Pa} | (P12 ps Pa} | (Prb2 psr P} {06), ¢, (pr.p2r P, Pa}}
(P1.P2 P3 Ps}| (Prpo Py Ps) | Pu b Bsr Ps) {66), ¢, (Br.p2 P, s}
{P1, P2, Ps Ps} | (D1, P2, Pa Ps} | {P1, P2 Par Ps} {A(G) @, {P1, P2 Pa Ps}}
(P13 Pu s} | Prps Pu Ps} | (Pr P Pa Ps) {06, ¢, (prps Pu s}
(P2 P, Pa Ps} | (P23, Pus Ps) | (P23 P Ps) {66), ¢, (P23, Par s}

0(6)

(%)

(%)

|fS /€ |8 | |8 |8 8|8 |8 |8 |8 |8 || |8 |8 |8 | |8 |8 | S8 |8 |8 |8 |6 |8

{6(6), ¢}
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| @ | ¢ | ¢ e 6(6), ¢}

3. Theorems on intial right neighbourhood
Theorem: 3.1

If G(B, &) is a digraph and Ni(p) be denoted by an initial right neighbourhood of
0 € 0(G) with any two sub graphs L and Tof G,then the consequent statements are holds:
() Lyi[6(D)] € 6(L) € Ly [6(D)]
(ii) Ly [6(D)] = Ly [0(D)] = 6(L)
(iii) Ly: [0)] = Lyi[@] = @

(i) If (L) € 8(T) then Ly:[6(L)] < Lyi[6(T)] and U:[0(H)] € Uy:[6()]
V) Lyel0(@D)] = [Ly[(OD) ] ‘
]

|

(vi) Zye[O(D)] = [Lye[(O)° ]
Proof: Proof of (i): Let p € Ly:[6(L)]
By definitionof L,:[6(L)],

o Ni(p) € O(L)
= p e d(D),
= Lyi[0(D)] € O(L) - (i)
By definition of L [6(1)],
N @) NOEL) = ¢

=>p€ ZN;[A(E)] ,
= 0(D) € Ly[0(L)]-—-- (i)
From (i) and (ii), we get,

Proof of (ii): Letp € (L)
Then Ly:[6(1)]=6(L)

Thus p € Lyi[0(D)],

—
=
c
w
©
m
il
%.
~
D)
~
o~
—
e

Hence L -[é(L)] = (L) (b)
From () and (b), we get

Proof of (iii): Let® € 8(L)
ThenN:[@)]=
But N:[@)] < 0
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= Lyi[@)]= @---mmmmme- (@)
_But NP Nd=0
Lyi[6(D)] = @----mmmmemv (b)

From (a) and (b), we get

Proof of (iv):
Let p € Lyi[0(L)]----- (a)
= Ni(p) € 8(L) and p € O(L),
We know that 8(L) < 8(T),
ie., Ni(p) € 8(T)
Hence p € Ly:[6(T)] - (b)
From (a) and (b) we have, gNﬁ[é(i)] C LN;[é(T)]
Let p € Lyi[0(D)] - (©)

Hence, p € Ly [(T)] - (d)
From (c) and (d) we have,
Ly [6D)] € Ly [0(D)]
Proof of (v):
Let Ly [6(E)] = Upea(ay{A/NE() N O(L) *# o}

ie., Ly[(0D) 1 = Upeaey (p/NE) 0 (D) # o)
Cc
L@@l ={ U {orvi@rn @) = (,)}}
peb(G)
p . N\C
= { —n (6(D)) =go}
| ﬁg@ ANr(p)
= Upea)P/NE(D) 0 B(S) # ¢}
— ~ c ~ o~
e, [Lyul(0@) 1] = Lyld@).

Proof of (vi):
Let Lyt[0(D)] = Upepre)(3/NE(P) < 6(D))
e, Ly[(0D))] = Upeaie {/NEB) < (065)°)
—{Upese, (/M) < (6) )
= {Uscae(p/NiP) € B(L)})°
= {Useao)(p/NiD) N 6(T) = o))"
Upeaa{P/NE(B) N (L) # @} = Ly [O(D)].
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Theorem: 3.2
Let G(@, &) be a directed graph, Nj:(p) being an initial right neighbourhood with any
two sub graphs L and T of G.Then the following statements are holds:
(i) Lyi[0(@)] U Ly [6(M)] € Ly [(L) U H(D)]

(it) Ly: [ 0(L) N 6(T)] € Lyt [S(L)] N Ly [0(D)]

(i) Ly [0(L) N 6(T)] = _NT[H(L)]ﬂLNL[H(T)]

(V)L [B(@) U O] = Ly [B(@)] U Ly [0(D)]
Proof:

= Lyi[6(D)] U Ly [0(T)] < ;[9(L) ua (]
Proof of (ii): Since, (L) N §(T) € (L)and 6(L) n (T c (1),
Then Lyi[6(L) n6(T)] € Ly:[6 (Z)] and Ly:[6(L) nO(T)] € Ly
Ly [0(L) n (1] € Lye[0(L)] N Ly [6(T)].
Proof of (iii): Since, (L) nH(K) ch ( ) and (L) n H(T) c é(T)
Then Ly:[6(L) N 6(T)] € Ly [6(L)] and Ly: [B(L) N O(T)] € Lyt [6(D)]-
Lyi[0(L) nG(K)] € Lyi[6(D)] N Ly [H(T)] ------------------- 1)
Let  p € Lyi[0(L)] N Lyi[(T)]--m-mmmmmemmemems (a)
Then p € Ly:[6(L)]anda € Ly [0(T)]
By definition of L,:[6(L)] we have, Nj(p) < [6(L)] and Ni(p) < [6(T)]
Then @ € Ly:[6(L) N (T)]------mmmmmm-m-- (b)
From statements (a) and (b), we obtain,
Ly:[0(D]n Lyi[6(D)] <
Hence by (1) and (2), Ly:[0(L) n 6(T)] = _N;[é(i)]
Proof of (iv): Since, 6(L) € (L) U B(T)and o(T) c
Then Ly:[6(L)] € Ly:[6(2) U 6(T)] and Ly [6(T)]
Since, 6(L) < H(L) Ul(T) and A(L) < H(L) uo(T
Then Ly:[6(L)] € Ly: [6(2) U 6(T)] and Ly [6(T)]
= Ly [0 U Lyi [6(D)] € Ly [6(L) U 9(T)] ----------------- (1)
Let p € Lyi[A(L) UB(T)]-rmmmmrmmmmmmemv (a)
Then p € Ly [6(L)] and p € Ly:[6(T)]
By definition of L [6(L)] we have,
ZNri [é(i)] = Uﬁea(ﬁ){ﬁ/Ng (P) N é(Z) * (P}
spe | iy nia@ vam) = o)

peb(G)
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~pe | (/i) n o) o V@ o) = )
ped(G)
= P € Upeae0/[N; (D) NO(L)] # ¢} and p € Uyep(eylA/[N: (D) N O(D)] # o}
=>pE ZN;- [6(D)] and p € ZNTL- [6(T)]
ie,pEL[O(DIVLy[OMD)] - (b)
Equations (a) and (b) give, Ly:[6(L) U(T)] € Ly [6(D)] U Lyi[6(T)] - )
Hence by (1) and (2),

Ly[6(L) U (D] = Ly [0()] U Lyt [6(D)].

Theorem: 3.3
Let G(@, &) be a directed graph, Ni(p) being an initial right neighbourhood with any two sub
graphs L and Tof G.Then the following statements are holds:
(D)_Ly:[6(L) — 0(1)] € Lyg[0(L)] = Ly [0(T)]
DLy [0(D)] = Ly [0(D)] € Ly [0(L) — 6(T)]
Proof:
Proof of (i):
Let (L) — (T) = 6(L) n[6(G) — H(T)],

Then Ly:[0(L) = 0(T)] = Ly [6(L) N [6(6) — (D]

= Ly[6(D)]n Lle(G) (1]

= Ly [0 N [8(6) — Ly (D]

ioe., Ly[6(D) = O] € Ly [6(D)] — Lyed(D)]

Proof of (ii):
Let (L) — 6(T) = 6(L) N [8(6) — B(D)),
Then Ly [6(L) — 0(T)] = Ly [6(L) n [A(G) — H(D)]]

= Ly [0(D] N Ly [6(G) - 6(T)]

= Ly[0(D)] n [6(G) - Ly:B(D)]

€ Ly [0(D)] = Ly [6(D)]

i-e., Ly [0(1)] = Ly [0(T)] € Lyy[6(L) — (7]

4. INITIAL RIGHT NANO-TOPOLOGICAL SPACES VIA GRAPHS FOR HUMAN
LUNG MODELING

The human lung is a significant piece of the human respiratory framework. Lungs go about
as the primary organ for taking in oxygen and removing carbon-dioxide, which gives energy to
active work.

Here we shows that different parts of the lung in Figure-4.1 and the corresponding
graphical representation of lung functioning in Figure-4.2.

Let G(8, &)be a directed-graph (fig.-3) and L being a sub-graph, 8(G) = {p1to P}
be the set of vertices of G, where p, =nostril, 5, =nasal cavity, p; =pharynx, g, =larynx,
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ps=trachea, p,= bronchus, p,=bronchiole (left), pg=bronchiole (right), po=lung (left),
P10 =lung (right).We establish the foundational initial rightneighborhoods corresponding to every
vertex in this work.

N Nasal Cavity
Nostril

Bronchus
Bronchiole

3 Pro

Figure 4.2: Digraph of the Human Lungsmodeling

Table 4.1:Initial right neighbourhoods of Figure-4.2

Right Neighbourhood Initial right neighbourhood
N, (p1) = {p1and p,} Nri (ﬁ1) = {p1and p,}
N, (p,) = {p1, to, p3} N (P;) = {D,}
1600
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Nr(ﬁs) = {ﬁz» ﬁs’ﬁz}} N;:(ﬁ3) = {ﬁs}
N, (ps) = {P3, Par Ps} N%(P4) = {P4}
Ny (Ps) = {pa, Ps.Pe} Nrf(ﬁs) = {Ps}
Nr(ﬁe) = {.54» ﬁg» ﬁ7’ ﬁ9} er(ﬁ(;) = {ﬁe»}
Nr(ﬁ7) = {.56; ﬁ7» ,58} N#(ﬁﬁ = {ﬁeu ﬁ7}
Nr(ﬁs) = {,57» ﬁs} N_rl(ﬁs) = {ﬁs}
Nr(ﬁ9) = {ﬁe» ﬁ9’ ﬁlo} er(ﬁ9) = {ﬁm}
Nr(ﬁm) = {ﬁg; ,510} er(ﬁm) = {ﬁg’ﬁm}

Table 4.2: Initial right Nano topologies fN;-[é(E)]on subgraphs of Figure-4.2

o(L) tyi 6]
1 b2} 0@ 0.6, p,)]
(1, Pa} (06, ¢.(0,).0,). (71, Py}
{P1, P10} {9(6) ©.{py, pg,plo}}
(P2, P} (06), 0.0}, 1y 3} (P1,Py D3}
(P2, Pé} {0G), ¢.0p,). (91,96} Py, P)]
{D3, Pa} {9( ): ®,{P3, P4}}
{P3, P10} (0(G), 9.(p3}Poy Proh (P Por Piol]
{Pa, Pg} {9 (G)' ‘P'{ﬁzvﬁs}}
{Be: Pro) (0(C), 0,06} P10} P P10P10)]
{Po, P10} {9(6), ®.{Pgy, f)lo}}
{P1, P2, P3} {9 (A), @.{Pq ﬁz,ﬁ3}}
(B, Ps, Ps} (6(C), ¢.1p3 Pe)(p1, Py D)}
{P1, Ps, Ps} (0(C), 0.(p,). (05, Ps) (P, P, D)
(P2, P3,p7} {0©), 0.(p1, )Py P3P Py PP
(B2, Ps. s} (0(5), 9.(p,}. (P, D5, P} 1Py Py P, Do}
{P3, Ps. Pe} (0©), 0.(p5 5,04)}
(63,57, P10} (0(G), ¢.(p3},193 Py, P10} (B3 P7:Po P10
{Ps, Do, Do} (8(5), 9.194 D5} (Do P10} (P4 Py oy P}
{Ps, Do, P10} {9(6’), ¢, {Pg Pg» ﬁlo}}
{P1, P2, D3, Pa} {9 (G), @, {Py Py Ps) ﬁ4}}
(B, Par Par P7} (0(G), 9,10}y, Py P4)1P1, Py Pav P}
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{:61' ﬁZ' ﬁ7' ,68}

(0(C), 0.(0,)1p1, Py Do) 1Py, Py Py

{P1,P3, Pe: Ps}

'D)

(0(G), o, {p3,p8} {pl,p@ p7} {p1 Py Dg

{1, P4, Ps, Pe}

)i
7Pol)
o)

P~
~
(o))
\_/
S
—
)
-
-
—
)
®
)
<
)
)}
e
>
=
)
-
‘D)

{:61' ﬁS' ﬁ‘)' ﬁlO}

) @, {.01} {psr Py plO} {,01;[)8; Py plo}}

]
6(G
), @.(0,}. P, D3y PP {P1D, Py PP}
@,

N 0@
(b2, Ps3, Psr P10} {9 (G)' Py P3.Pg} Py Por P10} {P1, Py P3Py p10}}
(b2, Ps,Per P73 {9 (G)' AP 3Py PsyPg D73 AP1 Dy Ps Py p7}}

(P3P, Per Po}

{pg.Plo}.{P3,p4, p6}.{p3,p4, P ,09,,010}}

3,7, Po, P10}

))
(@), @.(;1(P5, Py P10} P3P Doy Pro)]
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{1, B3, PaPsiDer Po: Pro} | {0(G), 9,1p1,PoiP1o} Py Doy PysPsyDy Pgh [Py D3 t0 Py By PPl
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CONCLUSION

This study developed an initial right nano topological framework using initial right
neighborhood structures derived from directed graphs. A lung based digraph model was used to
analyze initial right lower and initial right upper approximations along with initial right boundary
regions. The results show that combining initial right nano topology with graph theory provides an
effective approach for modeling complex systems. This work offers a foundation for further
research in applied nano-topological structures.
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